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Abstract: Let G be a graph and f : V(G) — {1,2,3,...,p+q} be an injection. For each 
edge e = uv and an integer m > 2, the induced Smarandachely edge m-labeling f§ is defined 
by 


m 


Pole: ES +10)] | 


Then f is called a Smarandachely super m-mean labeling if f(V(G)) U{f*(e) :e € E(G)} = 
{1,2,3,...,p+q}. Particularly, in the case of m = 2, we know that 


fF fo) if f(u) + f(v) is even; 


Ple= fot fw) if f(u) + f(v) is odd. 


Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely 
super mean m-labeling is called Smarandachely super m-mean graph. In this paper, we prove 
that the H-graph, corona of a H-graph, G © S2 where G is a H-graph, the cycle C2, for 
n > 3, corona of the cycle C,, for n > 3, mC;,,-snake for m > 1,n > 3 and n # 4, the 
dragon P,(Cm) for m > 3 and m # 4 and Cm x Pn for m = 3,5 are super mean graphs, i.e., 


Smarandachely super 2-mean graphs. 
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§1. Introduction 


Throughout this paper, by a graph we mean a finite, undirected, simple graph. Let G(V, E) be 
a graph with p vertices and q edges. For notations and terminology we follow [1]. 
Let G and G2 be any two graphs with p; and pz vertices respectively. Then the Cartesian 
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product G1 x G2 has pip2 vertices which are {(u,v)/u € Gi, v € Go}. The edges are obtained 
as follows: (u1,v1) and (u2,v2) are adjacent in G; x Go if either uy = ug and v; and v2 are 
adjacent in G2 or u; and uz are adjacent in G; and v, = v2. 

The corona of a graph G on p vertices v1, V2,..., Up is the graph obtained from G by adding 
p new vertices U1, U2,...,Upy and the new edges u,v; for 1 < i < p, denoted by G© ky. For a 
graph G, the 2-corona of G is the graph obtained from G by identifying the center vertex of 
the star Sj at each vertex of G, denoted by G © Sg. The baloon of a graph G, P,(G) is the 
graph obtained from G by identifying an end vertex of P,, at a vertex of G. P,(Cm) is called 
a dragon. The join of two graphs G and H is the graph obtained from GU H by joining each 
vertex of G with each vertex of H by means of an edge and it is denoted by G+ H. 

A path of n vertices is denoted by P,, and a cycle on n vertices is denoted by C,. Kim is 
called a star, denoted by S,,. The bistar B,,,, is the graph obtained from Ko by identifying 
the center vertices of Ky, and Kj,» at the end vertices of K2 respectively, denoted by B(m). 
A triangular snake T,, is obtained from a path v1 v2... Un by joining v; and vj41 to a new vertex 
w; for 1 <i<n-—1, that is, every edge of a path is replaced by a triangle C3. 

We define the H-graph of a path P, to be the graph obtained from two copies of P,, with 
vertices V1,V2,-.-,Un and uj, U2,..-,Un by joining the vertices Unit and Unti if n is odd and 
the vertices vz; and uz ifn is even and a cyclic snake mC, the graph obtained from m copies 
in the (j +1)" copy if 
in the (j + 1)!” 


of C,, by identifying the vertex v.42), in the 7’ copy at a vertex Uije4 


n = 2k + 1 and identifying the vertex v(,41), in the jt? copy at a vertex Vies4 
copy if n = 2k. 

A vertex labeling of G is an assignment f : V(G) — {1,2,3,...,p + q} be an injection. 
For a vertex labeling f, the induced Smarandachely edge m-labeling f& for an edge e = uv, an 


integer m > 2 is defined by 


m 


f3(e) =| 


Then f is called a Smarandachely super m-mean labeling if f(V(G)) U {f*(e) :e € E(G)} = 
{1,2,3,...,p+q}. Particularly, in the case of m = 2, we know that 


f+ FO), 


aS flat fe) if f(u) + f(v) is even; 
e = 
fut fo) +1 if f(u) + f(v) is odd. 


Such a labeling is usually called a super mean labeling. A graph that admits a Smarandachely 
super mean m-labeling is called Smarandachely super m-mean graph, particularly, super mean 
graph if m = 2. A super mean labeling of the graph P? is shown in Fig.1.1. 
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The concept of mean labeling was first introduced by S. Somasundaram and R. Ponraj [7]. 
They have studied in [4,5,7,8] the mean labeling of some standard graphs. 

The concept of super mean labeling was first introduced by R. Ponraj and D. Ramya [2]. 
They have studied in [2,3] the super mean labeling of some standard graphs like P,, Con41,n > 
1, Ky(n < 3), Kin(n < 3), Th, Cm UPa(m > 3,n > 1), Bn n(m = n,n +1) etc. They have 
proved that the union of two super mean graph is super mean graph and C4 is not a super 
mean graph. Also they determined all super mean graph of order < 5. 

In this paper, we establish the super meanness of the graph C2, for n > 3, the H-graph, 
Corona of a H- graph, 2-corona of a H-graph, corona of cycle C,, for n > 3, mC;,-snake for 
m>1,n>3andn#4, the dragon P,(C,,) for m > 3 andm #4 and C,, x P, for m = 3,5. 


§2. Results 


Theorem 2.1 The H-graph G is a super mean graph. 


Proof Let vy, v2,...,Un and uy, U2,...,Un be the vertices of the graph G. We define a 
labeling f : V(G) > {1,2,...,p+q} as follows: 
fu) =2i-1, 1l<i<n 
f(u) =22n+2i-1, 1l<i<n 
For the vertex labeling f, the induced edge labeling f* is defined as follows: 


f* (vivi41) = 21, 1l<i<n-l1 
f* (uiui4t) = 2n + 2i, 1l<i<n-l 
f* (Vag. ungt) =2n if n is odd 
f*(vnqiuz) = 2n if n is even 


Then clearly it can be verified that the H-graph G is a super mean graph. For example the 


super mean labelings of H-graphs G; and G2 are shown in Fig.2.1. 
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Theorem 2.2 If a H-graph G 
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Proof Let f be a super mean labeling of G with vertices vj, v2,.. 


Let vu}, v5,...,u/, and uj,ud,.. 


Fig.2.2 


We define a labeling g: V(G© K1) > {1,2,.. 


g(vi) = f (vi) + 21, l<i<n 
g(uj;) = f(uz) + 2n + 2i, l<i<n 
gv) = f(v1) 

guj) = f(vi) + 21-3, Q<i<n 
g(ul) = f(u)+2n4+2-3, l<i<n 
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G® Kk, 


.,p+q} as follows: 


.,Un and uy, Ug,... 


.,u,, be the corresponding new vertices in G© Ky. 


For the vertex labeling g, the induced edge labeling g* is defined as follows: 
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is a super mean graph, then G© Ky, is a super mean graph. 


? Un: 
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g* (U;Vi41) = f*(uvig1) + 204+ 1, 1<i<n-l1 
g* (usti41) = f*(ujuigi1) + 2n4+2i4+1, L<i<n-1 
g*(v;v4) = f(v;) + 21-1, l<i<n 

g* (ujut) = f(u;) + 2n+ 22-1, l<i<n 

9" (Ungi U ngs) = 2f*((vagiungi) +1 if n is odd 
g*(vayiuz) =2f*((vayiuez) +1 if n is even 


It can be easily verified that g is a super mean labeling and hence G © Ky, is a super mean 


graph. For example the super mean labeling of H-graphs G1,G2, G; © Ky, and G2 © Ky are 


shown in Fig.2.2. 


Theorem 2.3 If a H-graph G is a super mean graph, then G© S2 is a super mean graph. 


Proof Let f be a super mean labeling of G with vertices v1, v2,...,Un and uj, U2,... 
% 9 o] >) d 
Let v1, 05,---5Un, UL, US,---, Un, UL, Us,---,u,, and u,ug,..., ul be the corresponding new 


vertices in G© So. 


We define g : V(G© S2) — {1,2,...,p + q} as follows: 


g(vi) = f(vi) +4i- 2, 1<i<n 
g(v;) = f(vi) +4i-4, l<i<n 
gvy) = f(vi) + 4%, l<i<n 
g(ui;) = f(u;) +4n4+ 4 - 2, l<i<n 
g(u;) = flu) +4n+ 4i—4, l<i<n 
gluy) = flu) +4n + 4i, l<i<n 


9" (Vag1Unss) = 3f*(vag1 Uns) if n is odd 
g*(vayiuz) =3f*(ve4iuz) if n is even 

GF (Vivier) = f* (vivid) + 4, l<i<n-1 
got) = F(vi) 444-3, i<eea 
(vir) =flu)+4i-1, 1<i<n 

g* (usti41) = f* (uimi41) + 4n + 4% 1 < 1 <n- 1 
g* (uur) = f(u;) +4n 4+ 4¢ - 3, l<i<n 
guy) = flui)+4n+4i-1, l<icn 


It can be easily verified that g is a super mean labeling and hence G© S2 is a super mean graph. 


For example the super mean labelings of G; © S2 and G2 © S2 are shown in Fig.2.3. 


Theorem 2.4 Cycle Co, is a super mean graph for n > 3. 


Proof Let Cg, be a cycle with vertices uj, u2,. 
f:V(Can) > {1,2,... 
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,p+q} as follows: 
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For the vertex labeling f, the induced edge labeling f* is defined as follows: 
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f*(e1) =2 

f*(ei) 43. 20-1 
f* (en) = 4n — 2, 

Frlen4i)  =4n-1, 


F*(entjt1) =4n-4j, 1lsjen-1 


It can be easily verified that f is a super mean labeling and hence C2, is a super mean graph. 


For example the super mean labeling of Cio is shown in Fig.2.4. 


Remark 2. 


super mean 


Fig.2.4 


5 In [2], it was proved that Cg,41,n > 1 is a super mean graph and C4 is not a 
graph and hence the cycle C, is a super mean graph for n > 3 and n # 4. 


Theorem 2.6 Corona of a cycle Cy, is a super mean graph for n> 3. 


Proof Let C,, be a cycle with vertices u,, ug,..., Un and edges €1, €2,...,€n- Let v1, v2,---5Un 


be the corresponding new vertices in C;,, © Ky, and EF; be the edges joining u;v;,7 = 1 to n. 
Define f : V(C, © Ki) — {1,2,...,p +¢} as follows: 


Case i When n is odd, n = 2m+1,m=1,2,3,... 


For the 


3 

5 + 8(i — 2) 2<i<mtl1 

12 + 8(2m + 1-1) m+t2<i<%m+l1 
1 

7 +8(i—2) 2<i<m4l 

10 + 8(2m + 1-1) m+2<i<%m+1 


vertex labeling f, the induced edge labeling f* is defined as follows: 


f*(e1) =4 
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ee 9 +.8(i— 2) Fmd 
ej) = 

8+ 8(2m+1- i) m+2<i<2m+1 
f*(f) =2 
. 6 + 8(i — 2) 2<i<m+1 
P(E) = 


11+ 8(2m+ 1-1) m+2<i<2%m+4+1 


Case ii When n is even, n = 2m,m = 2,3,... 


f(u1) = 

f(ui) = 5+ 8(i— 2), 2<i<m 
f(Um+i1) = 8m— 2, 

f (ui) =1248(2m—i), m+2<i<2m 
f(v1) = 

f (vi) =7+ 8(i—2), Q<i<m 
f(um41) = 8m, 

f(um42) = 8m-—7, 

f(v;) = 10+ 8(2m — i), m+3<i<2m 


f*(e1) = 

f* (ei) = 9+ 8(i— 2), 2<i<m-l 
f*(em) =8m—6, 

f*(em+1) = 8m—3, 

f* (ei) = 8 + 8(2m — 3), m+2<i<2m 
f*(F1) = 

(Ei) =6+80-2), — 2Si<m 
f*(Emat) =8m—1 

f(E;j)  =11482m-i), m+2<i<2m 


It can be easily verified that f is a super mean labeling and hence C;, © Ky is a super mean 


graph. For example the super mean labelings of C7 © kK, and Cg © Ky are shown in Fig.2.5. 
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Cg@Ky 


Fig.2.5 


Remark 2.7 Cy, is not a super mean graph, but Cy, © K , is a super mean graph. 


Theorem 2.8 The graph mC,,- snake, m>1,n>3 andn #4 has a super mean labeling. 


Proof We prove this result by induction on m. 
Let v1,;,02;,---,Un; be the vertices and e1,,€2,;,...,€n, be the edges of mC, for 1 < 7 < m. 
Let f be a super mean labeling of the cycle C,. 


Some Results on Super Mean Graphs 


When m = 1, by Remark 1.5, C,, is a super mean graph, n > 3,n 4 4. Hence the result is 


true when m = 1. 


Let m = 2. The cyclic snake 2C’, is the graph obtained from 2 copies of C;, by identifying 
the vertex v(%+2), in the first copy of C, at a vertex v,, in the second copy of C;, when n = 2k+1 
and identifying the vertex v.41), in the first copy of C;, at a vertex v,, in the second copy of 


Cr, when n = 2k. 


20 


4Cs-snake 


4C;-snake 
Fig.2.6 


Define a super mean labeling g of 2C,, as follows: 


For 1<i<n, 


9(vi,) = f(vin) 

G(Vin) = f(vi,) + 2n-1 
g (ei) = Feu) 
g* (ei) = f*(ei,) +2n-1 


Thus, 2C;,-snake is a super mean graph. 
Assume that mC;,-snake is a super mean graph for any m > 1. We will prove that (m+1)C,,- 
snake is a super mean graph. Super mean labeling g of (m+ 1)C,, is defined as follows: 


gv%i;) = f(a) +G-1)Qn-1), 
Gea) = f (vi) Tr m(2n _ 1), 
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For the vertex labeling g, the induced edge labeling g* is defined as follows: 


G(e;) =f en)+(G-1(n—-1), 
OE ot) = Fee) T m(2n a 1), 


Then it is easy to check the resultant labeling g is a super mean labeling of (m + 1)C,,-snake. 


For example the super mean labelings of 4Cg-snake and 4C5- snake are shown in Fig.2.6. 


Theorem 2.9 If G is a super mean graph then P,(G) is also a super mean graph. 


Proof Let f be asuper mean labeling of G. Let v1, v2,..., Up be the vertices and €1, €2,..., €q 
be the edges of G and let uj,ug,...,Un and Fy, F2,...,,-1 be the vertices and edge of P,, 
respectively. 

We define g on P,,(G) as follows: 


g(vi) = f(vi), l<i<p. 
guj) =p+q+2j-2, l<j<n. 
For the vertex labeling g, the induced edge labeling g* is defined as follows: 


g(a) =flei) 1<i<p. 
@(E;) =pt+q+2j-1, 1<j<n-1. 


Then g is a super mean labeling of P,,(G). 


Corollary 1.10 Dragon P,(Cm) is a super mean graph for m > 3 andm # 4. 


Proof Since C,, is a super mean graph for m > 3 and m # 4, by using the above theorem, 
P, (Cm) form > 3 and m # 4 is also a super mean graph. For example, the super mean labeling 
of Ps(Cg) is shown in Fig.2.7. 
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Remark 2.11 The converse of the above theorem need not be true. For example consider the 
graph Cy. P,(C4) for n > 3 is a super mean graph but Cy is not a super mean graph. The 
super mean labeling of the graph P4(C4) is shown in Fig.2.8 
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Fig.2.8 


Theorem 2.12 Cy, x P, forn > 1,m= 3,5 are super mean graphs. 


Proof Let V(Ca* P,) ={vg +1 <1 m,1< 7 <n} and E(Cy *F,) = {ey 1 ey = 


J 
MMe lS jn sis mpULE,: A, = yy 17 sn 11x t< m} wheret+1 


is taken modulo m. 
Casei m=3 


First we label the vertices of C} and C3 as follows: 


flu) = 

f(u,) =3i-3, 2<1<3 
f(vi,) =124+3(-1), 1<i<2 
f(va,) =10 


f*(ei,) =24+3(i-1), 1<7<2 
f*(es,) =4 
fi(ei,.) =14 
f*(eq,) =18-2(4-2), 2<1<3 
f(%,) =7+2%—-1), 1<i<2 
f*(Es,) =8 
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If the vertices and edges of ce ~! and Ce are labeled then the vertices and edges of GF ai 
and oF *? are labeled as follows: 
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oF Beste a) > tees) + 18, 
Ftes 05) — F (Via; ) + 18, 
T Neisses) = Fei) + 18, 


FC 5sj45) = Fes) +18, 


im Cotes) = aC eeaee) +18, 


Case ili m=5. 


<i<3,1<j < 4 ifn is odd and 
<j< 3 if n is even 


2 
<i<3,1<j < & ifn is odd and 


<j <%$ if nis even 


IA 
IA 
ww 


,1<j < % if n is odd and 


<j < & ifn is even 


First we Label the vertices of C} and C? as follows: 


f(v1,) =1 

iat, 2<i<3 
f(vi.) = ' 2 

10 — 4(i — 4), 4<i<5 
f (v2) = 21 

25 — 3(4 — 2), 2<%1<3 
f(viz) = : : 

isjoGady ayes 


For the vertex labeling f, the induced edge labeling f* is defined as follows: 


f*(ei,) = 2+ 3-1), 149 
f*(e3,) =9 
f*(ei,) =8—4i— 4), 4A<i<5 
23+ (4-1), 1<i<2 
f* (es a ) 
19 — 2(i — 3), 3 <4 
f (es) = 20, 
f*(h,)=11 
ft(E,) = 14+ (i — 2), 2<1<3 
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If the vertices and edges of oF ~* and Of are labeled then the vertices and edges of om ai 


and Ce +2 are labeled as follows: 
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I Qiscle Sige) BOTS ae, 1<j < 3 ifn is even and 
1<j < 4} ifn is odd 

Upc) St) Peles, 1<j< % ifn is even and 
1 n—3 


f* (Eisai) = f*(Eig;1)+30,1<i<5, 1< 7 < 3 ifn is odd and 


2 
1<j< > ifn is even 

P Bigs SP Big) POU Le Ce 8, 1l<j< nes if n is odd and 
1<j < 4 ifn is even 

f*(Cinsa1) = f* (Cin,-1) +30,.1<%<5, 1< 7 < 3 ifn is even and 
1<j< 4%} ifn is odd 


Gees) HF Ga) $90 oO, 1<j< %& ifn is even and 
1<j < & if n is odd. 


Then it is easy to check that the labeling f is a super mean labeling of C3 x P, and C's x Py. 


For example the super mean labeling of C3 x Ps and C5 x P, are shown in Fig.2.9. 


§3. 


Open Problems 


We present the following open problem for further research. 


Open Problem. For what values of m (except 3,5) the graph Cy, X Py, is super mean graph. 
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Abstract: Let Gi = (Vi, Fi), G2 = (V2, E2) be two graphs. For a chosen edge set EF C Ea, 
the Smarandache vg-product Gi Xv_ Ge of Gi, G2 is defined by 


V(Gi Xvp G2) =V, x Va, 
E(G1 Xv, Ge) = {(a, b)(a’, b')|a = a’, (b, 0’) € Eo, or b= 0’, (a,a’) € Ey} 
Uf{(a, 6)(a’, b')|(a, a") € Ey and (b,b’) € E}. 
Particularly, if E = 0 or E2, then Gy Xv_Go is the Cartesian product G1 x G2 or strong product 
G, * G2 of Gi and G2 in graph theory. Finding the chromatic polynomial of Smarandache 
Vp-product of two graphs is an unsolved problem in general, even for the Cartesian product 


and strong product of two graphs. In this paper we determine the chromatic polynomial in 


the case of the Cartesian and strong product of a tree and a complete graph. 


Keywords: Coloring graph, Smarandache vg-product graph, strong product graph, Carte- 


sian product graph, chromatic polynomial. 
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§1. Introduction 


Sabidussi and Vizing defined Graph products first time in [4] [5]. A lot of works has been done 
on various topics related to graph products, however there are still many open problems [3]. 
Generally, we can construct Smarandache vg-product of graphs G; and G2 for E C E(G2) as 
follows. 

Let Gi = (Vi, £1), Go = (V2, E2) be two graphs. For a chosen edge set E C Ep, the 
Smarandache vg-product Gy Xp_ Ge of Gi, G2 is defined by 


V(G, Xvp G2) = Yy x Va, 
E(G, Xv,_ Ge) = {(a, b)(a’, b’)|a = a’, (b, ') € Eo, or b = U'" (a, a’) € Ey} 
U{(a, b)(a’, b’)|(a, a’) € Ey and (b,b’) € EF}. 


lReceived July 28, 2009. Accepted Aug.30, 2009. 


